We give a sufficient condition for the boundedness of products of Toeplitz operators and Hankel operators in terms of a distributional inequality for the symbol functions.
> 0 such that
then H * g H f is bounded. He also showed that for f , g ∈ H 2 , if there is an > 0 such that
then T g Tf is bounded. Recall that the theorem of Marcinkiewicz and Zygmund [4] asserts that Lusin's area-integral operator S is bounded on H p for all 0 < p < ∞. Because of the properties of the Hilbert transform, it follows immediately that S is bounded on L p when p > 1. This is the key fact on which [10] relied.
This result was generalized by Treil, Volberg and Zheng to the setting of Orlicz spaces and Lorentz spaces [9] . In both [10] and [9] , Hölder's inequality was used in an essential way in their estimates for the boundedness of the operators in question. It is well known that estimates relying on Hölder's inequality are usually less than optimal because of the nature of that inequality. In this paper we show that there are ways to get around Hölder's inequality, thereby obtaining sharper results.
The starting point of our investigation is Stein's result that S also has weak-type (1,1) [7] . This suggests to us that the area-integral technique in [1, 9, 10] can be further exploited. Note that, by Hölder's inequality, (1) and (2) respectively imply that for any z ∈ D and for any measurable sets A, B ⊂ T,
We will replace the factor (χ 
have the following property: There are u, v ∈ W and a positive number N such that for any z ∈ D and for any measurable sets A, B ⊂ T of positive measure,
The above-mentioned boundedness results of Zheng are recovered by applying these theorems to the case where
What original motivated our investigation were examples such as
Our main technical innovation is the introduction of a rigged non-tangential maximal function. Section 1 contains an L 1 -boundedness result for this maximal function. The proofs of Theorems 1 and 2 are given in Section 2 after further preparations.
Rigged non-tangential maximal function.
For each τ ∈ T , let Γ τ = {z : |τ − z| < 2(1 − |z|), 3/4 < |z| < 1}. Suppose that F , G are continuous maps from D into L 2 with respect to the norm topology. To avoid confusion with complex-valued functions we denote their values at z ∈ D by F z and G z respectively. In other words, for each z ∈ D, F z and G z are themselves functions on T . Given ϕ, ψ ∈ L 2 , we introduce the rigged non-tangential maximal function
To simplify notation, the Lebesgue measure of a measurable set E ⊂ T will be denoted by |E|. Also, for a real-valued function f on T and a λ ∈ R, the set {τ ∈ T : f (τ ) > λ} will simply be denoted by {f > λ}. The sets {f ≤ λ}, {λ 1 ≤ f < λ 2 }, etc., are accordingly understood.
For each ϕ ∈ L 1 , denote its usual non-tagential maximal function by
Recall that there is an absolute constant
where M (ϕ) is the Hardy-Littlewood maximal function of ϕ [3, page 24] . This means M nt is of weak-type (1,1). In other words, there is an absolute constant
which have the following property: There exist an N > 0 and u, v ∈ W such that for any z ∈ D and any measurable sets A, B ⊂ T with |A| > 0 and
Then there is a
Proof. Without loss of generality, we may assume that
It follows from the monotonicity of u and v that
It suffices to consider non-negative ϕ, ψ ∈ L 2 with ϕ 2 = ψ 2 = 1. Define
(Recall that u and v do not vanish on (0,1].) For such a pair of k and i, let
for any z ∈ Γ τ0 and i, j ∈ N. The monotonicity of u then implies that u
Since
(1.5)
Note that for each pair of i ∈ N and ∈ Z + , there is at most one k ∈ N for which the inequality 2
holds. This means that for each fixed ,
By the same argument,
Combining these with (1.4), we see that
This completes the proof.
Area-Integral.
For each z = |z|e iθz ∈ D, define the open arcs
Because of the normalization |T | = 1, we have
Let dA(z) denote the area measure on D. Recall that for each ϕ ∈ L 1 , Lusin's area-integral function is defined by the formula
Using the Calderón-Zygmund decomposition of L 1 -functions, Stein proved that S is of weak-type (1,1) [7, Lemma 12] . (Stein's proof was given for half-spaces in R n , but, with obvious modifications, the proof works in D as well.) That is, there is an absolute constant C S > 0 such that
for all ξ ∈ L 1 and λ > 0. For each 0 < a < 1 and each τ ∈ T , let Γ τ,a = Γ τ ∩ {z : 1 − a < |z| < 1}. We set Γ τ,0 = ∅. Define the truncated area-integral function
.
Recall that ∂ = ((∂/∂x) − i(∂/∂y))/2 and∂ = ((∂/∂x) + i(∂/∂y))/2 in real variables. Thus |∇ϕ(z)|
There is a C 2.3 > 0 such that for any f ∈ L 1 , 3/4 < |z| < 1 and τ ∈ I z ,
To verify this elementary claim, note that
There is a C 1 > 0 such that C 1 |γ − τ | ≥ |γ − z| when τ ∈ I z and γ ∈ T \J z . Also, there is a C 2 > 0 such that
There is a C 3 > 0 such that the area of Γ τ,2(1−|z|) does not exceed
Squaring the above and integrating over Γ τ,2(1−|z|) , we see that
Repeating the above argument with ∂ in place of∂, we see (2.3) holds with
Proposition 2.1. There is an absolute constant B 2.1 > 0 such that for any continuous maps
, and any 3/4 < |z| < 1,
Proof. Since F z ϕ = F z ϕχ Jz + F z ϕχ T \Jz , by the subadditivity of S a and (2.3),
If χ Jz F z ϕ 1 = 0, then the above set is empty. If χ Jz F z ϕ 1 = 0, apply (2.1) to the case where ξ = χ Jz F z ϕ and λ = 12C S Jz |F z ϕ|dm/|J z | = 12C S ξ 1 /3|I z |. Therefore we have
Applying the same argument with G z , ψ in place of F z , ϕ, we obtain
Then the set E which consists of all τ ∈ I z such that
holds whenever τ ∈ E. This completes the proof.
It should be acknowledged that the idea of decomposing F z ϕ as F z ϕχ Jz + F z ϕχ T \Jz in the above proof can be traced back to [1] .
Proposition 2.2.
There is an absolute constant C 2.2 > 0 such that the following hold true:
where
with the property that
where 
It is elementary that there is a C(f, g) > 0 such that the second term above is bounded by C(f, g) ϕ 2 ψ 2 . Thus it suffices to estimate the first term. Mimicking the definition of ρ(w) on page 494 of [10] , for each τ ∈ T , let a(τ ) be the largest a ∈ [0, 1/4] such that
(We set S 0 (ξ) = 0.) We claim that the function 
where {a n } is any chosen sequence which is dense in [0, 1/4]. And
ϕ, and because of (2.2), we have 
But there is a C 2.2.1 > 0 such that log(1/|z|) < C 2.2.1 (1 − |z|) whenever 7/8 < |z| < 1. Thus C 2.2 = 4C 2.2.1 B 2.1 satisfies our requirement.
(ii) Note that T f ϕ, T g ψ = P fϕ, gψ = P (fϕ−(fϕ)(0)), gψ−(gψ)(0) + garbage. Now there is a C (f, g) > 0 such that C (f, g) ϕ 2 ψ 2 dominates the garbage term. Applying the Littlewood-Paley formula to the other term, With the foregoing preparation, we are now ready to prove our main results.
Proof of Theorem 1 (resp. 2). By Proposition 2.2(i) (resp. 2.2(ii)), it suffices to show that there is a K > 0 such that M F,G (ϕ, ψ) 1 ≤ K ϕ 2 ψ 2 when F z = f − f (z) and G z = g − g(z) (resp. F z = f and G z = g). But with this notation, the assumption of the theorem now reads 
